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a b s t r a c t
Isometric subgraphs of Hamming graphs (resp. hypercubes) are
called partial Hamming graphs (resp. partial cubes). In this paper we
look for structural characterizations of subdivided cliques that are
partial Hamming graphs. It is proven that given G a subdivision
of a clique Kn (n ≥ 1), G is isometrically embeddable in a
Hamming graph if and only if G is a partial cube or G = Kn. The
characterization for subdivided wheels is also obtained.
© 2008 Elsevier Ltd. All rights reserved.
0. Introduction
Partial cubes were first investigated by Graham and Pollak [12], and Djoković [11]. Later, several
algorithmic characterizations were shown using a relation defined on the set of edges (theΘ relation
introduced by Djoković [11] and Winkler [20]), or constructive operations (the isometric expansion
due to Chepoi [6]). These two methods can be generalized for partial Hamming graphs (see for
example [4]). This implies a simple algorithm to test whether a graph is a partial Hamming graph or
not. For the specific case of partial cubes, we can also mention characterizations in terms of isometric
subspaces (Avis [2], Roth and Winkler [17]).
Partial cubes have found different applications, for instance, in [7,9,14], interesting applications in
chemical graph theory were established.
The search for structural characterizations was first motivated by a conjecture of Chepoi and Tardif
in 1994. They asked if bipartite graphswith convex intervalswere partial cubes. Anegative answerwas
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(a) Subdivision ofW5 . (b) Fan F4 .
Fig. 1. Subdivided graphs and fans.
obtained by Brešar and Klavžar in [5], using subdivided wheels. From this point, the authors started
looking for structural characterizations of partial cubes that are subdivisions of wheels and cliques.
They were obtained in [1,3,13]. A natural extension of this work is to study partial Hamming graphs.
One point of interest about partial Hamming graphs, is that they can be labeled in such a way that,
given a target vertex, only local information is needed to obtain a shortest path. Readers can see [10,
14–16,19,20] for further information about partial Hamming graphs.
Moreover, studying subdivided graphs and their isometric embeddings in Hamming graphs, allows
us to study partly the λ-scale embeddings in Hamming graphs. For example, if the subdivision of a
graph G is isometrically embeddable in a hypercube, then G is 2-scale embeddable in a hypercube
(see [8,18] for more details).
In this paper, we show that, the only subdivision of a clique isometrically embeddable in a
Hamming graph, which is not a partial cube, is actually the clique itself. Then, we study the
subdivisions of wheels that are isometrically embeddable in Hamming graphs and obtain a similar
structural characterization.
1. Preliminary definitions and basic properties
By replacing edges of a graph G0 by paths, we obtain a subdivided graph G of G0. Given G0 a graph,
S(G0) is obtained by subdividing each edge of G0 exactly once.We call a vertex of a subdivided graph G
that was not added during the subdivision (it was already in G0), a principal vertex. Given two principal
vertices x and y, P(x, y) denotes the path in G corresponding to the original edge xy in G0. Given a
subdivided graph G and a subset S of its principal vertices, 〈S〉 denotes the subgraph of G induced
by the vertices in S and the paths between them (P(x, y) such that x, y ∈ S). A universal vertex, is a
principal vertex of a subdivided graph G such that each edge incident to it, is 0-subdivided.
An elementary cycle C in a graph G is a cycle with no self-intersection.
The Cartesian product GH of graphs G andH is the graphwith vertex set V (G)×V (H) in which the
vertex (a, x) is adjacent to the vertex (b, y) whenever ab ∈ E(G) and x = y, or a = b and xy ∈ E(H).
A Hamming graph is a Cartesian product of cliques.
For a graph G, the distance dG(u, v) between vertices u and v is defined as the number of edges
on a shortest uv-path. A subgraph H of G is called isometric if and only if dG(u, v) = dH(u, v) for all
u, v ∈ V (H).
For k ≥ 3, the k-wheel Wk is the graph obtained as the join of a vertex u and a cycle on k vertices
w1, . . . , wk (see Fig. 1(a)).
For k ≥ 3, the k-fan Fk is the graph obtained as the join of a vertex u and a path on k vertices
w1, . . . , wk (see Fig. 1(b)). Edges uw2, . . . uwk−1 are called inside rays.
We also recall some former results about partial cubes.
Theorem 1 ([13]). Let G be a graph and K an isometric subgraph of Gwhich is isomorphic to a subdivision
of Fk (k ≥ 3) such that at least one of the edges uw2, . . . , uwk−1 is subdivided. Then G is not a partial cube.
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Theorem 2 ([13]). A subdivided wheel (with more than 4 rays) is a partial cube if and only if all its rays
are not subdivided and the other edges are oddly subdivided.
Theorem 3 ([3]). Let G be a subdivided graph of a complete graph Kn(n ≥ 4). G is a partial cube if and
only if, G is isomorphic to S(Kn) or G contains a universal vertex u and the number of added vertices to
each edge not incident to u in Kn is odd.
Theorem 4 ([19]). Given a partial Hamming graph G, it is bipartite if and only if it is a partial cube.
The isometric expansion over proper cover is due to Chepoi [6]. Given a graph G = (V , E) where
V = {x1, x2, . . . xm}, choose the setsW1, . . .Wn covering V with respect to conditions (i)–(iii) for any
1 ≤ i, j ≤ n:
(i) Wi ∩Wj 6= ∅.
(ii) no edge goes fromWi \Wj toWj \Wi.
(iii) subgraphs induced byWi,Wj,Wi ∪Wj are isometric in G.
W1, . . .Wn is called a correct covering.We can proceedwith expansion. To each vertex x ∈ V , associate
the tuple (i1, . . . , ik) of all indices ij such that x ∈ Wij . The graph G′ = (V ′, E ′) is called an isometric
expansion of the graph G relative to the setsW1, . . . ,Wn if it is obtained from G in the following way:
• if the tuple (i1, . . . , ik) corresponds to the vertex xj (1 ≤ j ≤ m), then replace this vertex in Gwith




• if the index ij belongs to both tuples (i′1, . . . , i′k1), (i′′1, . . . i′′k2) corresponding to the vertices xi1 , xi2 ∈
V with (xi1 , xi2) ∈ E, then in the graph G′, let (xi1ij , x
i2
ij
) ∈ E ′.
Theorem 5 ([6]). A graph G is a partial Hamming graph if and only if it is obtained from K1 by a sequence
of isometric expansions.
Given a partial Hamming graph G, and an isometric embedding φ of G into a Hamming graph H , the
natural edge labeling of G with respect to φ is defined as follows: given an edge e of G linking two
vertices u and v, as they are adjacent in G and φ is isometric, we get that dH(φ(u), φ(v)) is 1 and thus
φ(u) and φ(v) differ in exactly one coordinate, namely i. The natural labeling of e is then coord(e) = i.
Denote by xi the ith coordinate of a vertex x in a Hamming graph.
Lemma 6. Given a partial Hamming graph G, an isometric embedding φ, and the corresponding natural
labeling of its edges coord: If two edges of G, e and f are part of a geodesic path in G, then coord(e) 6=
coord(f ).
Proof. We only need to prove that a geodesic in a Hamming graph cannot change twice the same
coordinate (and thus use twice the same label). For a contradiction, suppose that a geodesic going
through x1, x2, . . . , xp uses twice the same coordinate (we can suppose that it is for edges x1x2 and
xp−1xp). Then coord(x1x2) = coord(xp−1xp) = i. There are two cases:
• xi1 = xip: then there is a strictly shorter path in the Hamming graph x1, x′3, . . . , x′p−2, xp where
x′ij = xi1 for every 3 ≤ j ≤ p− 2.
• xi1 6= xip: then there is a strictly shorter path in the Hamming graph x1, x′2, . . . , x′p−2, xp where
x′ij = xip for every 2 ≤ j ≤ p− 2.
Thus the embedding is not isometric which is a contradiction. 
Lemma 7. Given a partial Hamming graph G, an isometric embedding φ, and the corresponding natural
labeling of its edges coord: Given an elementary cycle C in G, each label appearing in C, appears at least
twice. Moreover, if C is isometric and differs from K3, then these labels appear exactly twice and C is even.
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Fig. 2. K4 − e.
Proof. For a contradiction let us suppose there is a cycle (x0, x1, . . . , xk, x0) such that coord(x0x1) = i
and no other edge of the cycle has label i. Then xi0 6= xi1 (since coord(x0x1) = i). For all other edges,
xil = xil+1 (1 ≤ l ≤ k − 1) which implies that xik = xi1. The last edge (xkx0) leads to a contradiction
since xi0 6= xi1. Besides, if C is isometric and a label i appears three times in C , then we use Lemma 6:
the only way to have three edges labeled i with no geodesic going through two of them is when C is
K3. 
Proposition 8. Let G be a partial Hamming graph. If G is not bipartite, then it contains a triangle.
Proof. As G is not bipartite, it contains an odd cycle. Therefore we can consider C a smallest odd cycle
of G. C is isometric since if it was not, there would be a chordal chain inducing a strictly smaller odd
cycle in G. By Lemma 7 and since C has odd length, we can assume that C is a triangle. 
Proposition 9. Let G be a subdivided fan Fk for some integer k ≥ 3: if G is a partial Hamming graph, then
its inside rays are not subdivided.
Proof. Consider all the K3 in G (there might be none), they separate the subdivided fan in several (or
only one) smaller subdivided fans. Let 2 ≤ i ≤ k − 1: if the initial edge uwi is part of a K3, it is not
subdivided. If not, it is an inside edge of a subdivided fan delimited by two triangles (or the extremities
of G). This smaller subdivided fan is clearly isometric in G so that it is a partial Hamming graph.
Moreover, since it does not contain any triangle, it is bipartite (by Proposition 8). By Theorem 4, it is a
partial cube. Thus we can use Theorem 1 to conclude that the initial edge uwi is not subdivided. 
Proposition 10. K4 − e (Fig. 2) cannot be isometrically embedded in a Hamming graph.
Proof. x and y differ on exactly one coordinate i. We can assume that xi = 0 and yi = 1. Consequently,
all the vertices that are at distance 1 from x and y, differ also on the same coordinate i. Therefore, they
are at distance 1 from each other. Thus, t and z should be linked, which is not the case. 
2. Structural characterization for cliques
We prove the following theorem.
Theorem 11. Let G be a subdivided clique Kn for some n, G is a partial Hamming graph if and only if G is
a partial cube or G = Kn.
The sufficient condition is trivial. We now prove the necessity.
If G is bipartite, the theorem holds by a direct application of Theorem 4.
Let us now suppose that G is not bipartite. We have to prove that G is then isomorphic to Kn. By
Proposition 8, since G is not bipartite, it contains a triangle.
We now consider amaximal clique in G (with respect to inclusion) containing this triangle, namely
K . All its edges have the same label, namely i. If K = Kn, then G = Kn and the theorem holds. Let us
suppose that K 6= Kn. We consider u a principal vertex of G that is nearest to K . Let x be a principal
vertex of K nearest to u.
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(a) Path outside K . (b) Path in K .
Fig. 3. Proof of Claim 12.
If there exists a vertex y of K distinct from x such that P(u, y) is 0-subdivided, then P(u, x) is also
0-subdivided and 〈u, x, y〉 is a K3. Therefore the three edges have the same label which is i. Thus, u is
at distance 1 from all the vertices of K which contradicts the maximality of K .
We can thus assume, for every vertex y of K distinct from x, that P(u, y) is subdivided at least once.
Claim 12. For every vertex y of K distinct from x, 〈u, x, y〉 is an isometric cycle.
Proof. For a contradiction, if 〈u, x, y〉 is not isometric, there must be a strictly shorter path from u to
y. Let us denote by l the distance between u and x and consider a shortest path from u to y
• Case 1: it goes through a principal vertex w 6∈ K (see Fig. 3(a)). Thus the path from w to y has at
least length l and the path from u to w has at least length 1. As it must be strictly less than l + 1,
this is a contradiction.
• Case 2: it goes through a principal vertex w ∈ K (see Fig. 3(b)). Thus the path from u to w has at
least length l so that the path from u to y going through w has at least length l+ 1 which is also a
contradiction.
Therefore, 〈u, x, y〉 is isometric. 
Now consider two vertices of K distinct from x, namely y andw (|K | ≥ 3). As P(y, u) and P(w, u) are
subdivided, we have 〈u, x, y〉 and 〈u, x, w〉, two isometric cycles which are not isomorphic to K3 and
thus are even cycles where labels appear exactly twice (by Lemma 7). We then study the subdivision
of K4〈u, x, y, w〉 (see Fig. 4). It is clearly isometric. By considering the outer cycle 〈u, y, w〉 and using
Lemma 7, theremust be at least one edge labeledwith i on the path going fromw to y through u. Let us
assume that it is on the path P(u, y). Then there cannot be any edge labeled with i on the path P(u, x)
since 〈u, x, y〉 is isometric (or label i would appear three times). We can thus assume that there is no
edge labeled with i on the path P(u, x).
Therefore, there must be an edge ab in P(u, w) and an edge de in P(u, y) labeled with i. Moreover,
if we consider the label of the first edge of the path P(x, u), namely j 6= i, then the following edges bc
and ef must be labeled with j (since cycles are even, same labels face each other). To conclude, we just
have to consider a shortest path from b to e and observe that it has to go through two edges labeled
the same way (either i or j). By use of Lemma 6, this is impossible. We obtain a contradiction.
As a conclusion, K = Kn and Theorem 11 is proven. 
By using the characterization of subdivided cliques that are partial cubes obtained in Theorem 3,
we get the following characterization.
Corollary 13. Let G be a subdivided Kn (n ≥ 4), G is isometrically embeddable in a Hamming graph, if
and only if it is either Kn, or S(Kn), or it has a universal vertex and all other edges are subdivided an odd
number of times.
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Fig. 4. 〈x, y, u, w〉.
3. Structural characterization for wheels
The wheelW3 is isomorphic to K4 studied above, so that we will only study wheelsWk with k ≥ 4.
We state the following theorem.
Theorem 14. Given a subdivided wheel W, it is isometrically embeddable in a Hamming graph if and only
if:
(i) All its rays are 0-subdivided.
(ii) Other edges are either 0-subdivided or subdivided an odd number of times.
(iii) Outer 0-subdivided edges are not incident.
(iv) For W4 it has at most one triangle.
3.1. Necessary condition
Let us consider a subdivided wheel W with n ≥ 4 rays which is isometrically embeddable in a
Hamming graph. If W is bipartite, it is a partial cube by Theorem 4. By Theorem 2, the rays are not
subdivided, the other edges are all oddly-subdivided and as there is no triangle (since it is bipartite),
the four conditions are verified.
IfW is not bipartite, we will use the following lemma.
Lemma 15. If two non-consecutive rays of W are 0-subdivided, then every ray of W is 0-subdivided.
Proof. Wemay consider that one of these rays hasw1 as an outer vertex. There exists i such that the
other 0-subdivided ray haswi as an outer vertex. Then 〈u, x1, . . . xi〉 and 〈u, xi, xi+1 . . . xn, x1〉 are both
isometric subdivided fans in W . Thus, they are partial Hamming graphs and by Proposition 9, their
inside rays are 0-subdivided. As a conclusion, all the rays of the wheelW are 0-subdivided. 
By Proposition 8, ifW is not bipartite, it contains a triangle (which must have u as one of its vertices).
We may suppose that the triangle is induced by vertices u, w1, w2. We have to distinguish two cases.
n ≥ 5: Let us consider a geodesic from w1 to w4. Either it is contained in 〈u, w1, w5, w4〉 or it is
contained in 〈u, w1, w2, w3, w4〉. In both cases, this implies that the considered subdivided fan is
an isometric subgraph of W . Therefore, it is a partial Hamming graph and by Proposition 9, either
uw5 or uw3 is 0-subdivided. Finally, we have two non-consecutive 0-subdivided rays. We may apply
Lemma 15 to conclude that all the rays of W are 0-subdivided, proving (i). This implies that every
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(a) n = 4 proof that rays are 0-subdivided. (b) Forbidden pattern.
Fig. 5. Study of the 4-wheel.
cycle 〈u, wi, wi+1〉 is an isometric subgraph ofW so that it is a partial Hamming graph. By Lemma 7,
either it is a triangle or it has even length. So the corresponding outer edge is either oddly-subdivided
or 0-subdivided, proving (ii). Obviously, two triangles cannot have a common edge (it would induce
an isometric K4 − e forbidden by Proposition 10). Then two incident edges around the wheel cannot
be both 0-subdivided. This proves (iii).
n = 4: If a geodesic between w1 and w3 (respectively w2 and w4) is contained in 〈u, w1, w4, w3〉
(respectively 〈u, w2, w3, w4〉), the proof for n ≥ 5 holds. So in this case, (i), (ii) and (iii) are proven.
The remaining case iswhen the only geodesic fromw1 tow3 goes throughw2 and the only geodesic
from w2 to w4 goes through w1. We prove that this case never happens. For a contradiction, let us
suppose it is true. SinceW is a partial Hamming graph, we may consider an isometric embedding of
W in a Hamming graph and the natural edge labeling corresponding coord. The three edges uw1, uw2
and w1w2 are part of the same clique so that they have the same label coord(uw1) = coord(uw2) =
coord(w1w2) = 1. Considering the cycle 〈w1, w2, w3, w4〉, by Lemma 7, the label 1 is repeated at least
once. But since the path from w1 to w3 going through w2 is a geodesic, Lemma 6 forbids that label
appears in P(w2, w3). The same stands for P(w2, w3). Thus, there is an edge ab in P(w3, w4) such that
coord(ab) = 1. Considering cycles 〈u, w4, w1〉 and 〈u, w2, w3〉, we have also edges cd in P(u, w4) and
ef in P(u, w3) such that coord(cd) = coord(ef ) = 1 (see Fig. 5(a) for notations).
Cycles 〈u, w1, w4〉, 〈u, w2, w3〉 and 〈w1, w2, w3, w4〉 are isometric inW since no geodesic can go
through two edges labeled 1 (Lemma 6). The outer cycle cannot be a triangle (length at least 4), neither
can the other cycles 〈u, w1, w4〉, 〈u, w2, w3〉 since it would induce a K4− e isometrically embeddable
in a Hamming graph. So by Lemma 7, these are even cycles, in which edges with same label face each
other (else there would be a geodesic going through two edges with the same label). Denoting by p
the distance between u and e, r the distance between u and d, and t the distance between a and w3,
we can state that 〈u, w1, w4〉 has length 2r + 2, 〈u, w2, w3〉 has length 2p + 2 and 〈w1, w2, w3, w4〉
has length 2(t + p− q)+ 2 (see Fig. 5(a) for all the notations).
Now let us consider a geodesic from a to d. The path going through w4 and c has length 1 + t +
p− q− r + s+ s+ 1 = 2+ 2s+ t + p− q− r . But it cannot be a geodesic since it goes through two
edges labeled 1. The only possibles geodesic are the one going through w3 and u, and the one going
throughw3, w2 and u. The latter is necessarily the shorter (p− q+ 1 ≤ p+ q+ 1) one. It has length
t + p− q+ 1+ r . However, since s < r (the path fromw1 tow4 has length greater than 1), we have
2s+ 1 < 2r implying 2+ 2s+ t + p− q− r < t + p− q+ 1+ r which is a contradiction. Therefore,
the considered case can never happen. (i) (ii) and (iii) are hence proven.
We still have to prove (iv) for n = 4. For a contradiction, let us consider a subdividedW4 with 2
triangles. By (iii), these two triangles are opposite (see Fig. 5(b)). Each triangle is included in a factor of
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the Hamming graph and their edgeswill be respectively labeledwith i and j. Both cycles going through
u and dashed paths are isometric and distinct from K3. By Lemma 7, they have even length. Thus each
middle vertex (x and y) of subdivided edges is between an edge labeled with i and an edge labeled
with j (see Fig. 5(b)). Any shortest path from x to y has to go through two edges labeled the same way.
Lemma 6 allows us to conclude that it is a contradiction. (iv) is proven.
3.2. Sufficient condition
Lemma 16. Given a subdivided wheel W the rays of which are 0-subdivided, if one of its outer edges
P(wi, wi+1) is subdivided an odd number of times, the subdivided wheel W ′ obtained from W by adding
two vertices on the path P(wi, wi+1), is a partial Hamming graph if W is a partial Hamming graph.
Proof. Denote by wi = x1, x2, . . . x2k+1 = wi+1 the vertices along the path P(wi, wi+1) in W . Let
G1 be the subgraph of W induced by W1 = {x1, . . . xk+2} and G2 the subgraph of W induced by
W2 = (V (W ) \ V (G1)) ∪ {x1, xk+2}. Since rays ofW are 0-subdivided, both subgraphs G1 and G2 are
isometric inW . Moreover, their intersection is non-empty and there is no edge from G1 \G2 to G2 \G1.
We can thus apply the expansion cover which results in a graph isomorphic toW ′. By Theorem 5, the
lemma is proven. 
By this lemma, we can restrict our study to subdivided wheels with outer edges 0-subdivided or 1-
subdivided.
We first prove a lemma about fans.
Lemma 17. Let G be a subdivided fan verifying properties (i)–(iii):
(i) rays are 0-subdivided.
(ii) outer edges are 0-subdivided or 1-subdivided.
(iii) there is no pair of adjacent triangles.
Then G is a partial Hamming graph.
Proof. The result is clearly true for K3 and K2.
For a contradiction, let us consider aminimal (with respect to the number of rays) counterexample
Gwith k rays. Consider 〈u, wk−1, wk〉 (k > 1).
• it is not isomorphic to K3: then the edge between wk−1 and wk is 1-subdivided. Consider the
subdivided fan G′ = 〈u, w1 . . . , wk−1〉. It is a partial Hamming graph since it has less rays than
G. The isometric expansion over the coverW1 = {u, wk−1} andW2 = G′ is correct and results in G.
By Theorem 5, G is a partial Hamming graph, which is a contradiction.
• it is isomorphic to K3: since K3 is a partial Hamming graph, it means that k > 2. Moreover, as
two triangles cannot be adjacent, it means that the edge between wk−2 and wk−1 is 1-subdivided.
Consider the subdivided fan G′ = 〈u, w1 . . . , wk−2〉. It is a partial Hamming graph since it has less
rays than G. The isometric expansion over the cover W1 = {u},W2 = {u, wk−1} and W3 = G′ is
correct and results in G. By Theorem 5, G is a partial Hamming graph, which is a contradiction.
Lemma 17 is thus proven. 
Let us consider a subdivided wheel W (with k ≥ 4 rays) that fits the conditions from (i) to (iv) and
with outer edges 0-subdivided or 1-subdivided. Two cases are considered
A ray uwi is not part of a triangle. Then the outer edge between wi and wi+1 is 1-subdivided.
The same argument stands for the edge between wi and wi−1. Consider the subdivided fan G =
〈u, w1, . . . wi−1, wi+1, . . . , wk〉. Since W fits conditions (i)–(iv), we can use Lemma 17 and assume
that G is a partial Hamming graph. The isometric expansion over the coverW1 = {u, wi−1, wi+1} and
W2 = G is correct and results inW . By Theorem 5, W is a partial Hamming graph.
Every ray is part of a triangle. Then k ≥ 5 because of condition (iv). Consider a triangle 〈u, wi, wi+1〉.
Then the outer edge between wi and wi−1 is 1-subdivided. The same argument stands for the edge
between wi+1 and wi+2. Consider the subdivided fan G = 〈u, w1, . . . wi−1, wi+2, . . . , wk〉. Since W
fits conditions (i)–(iv), we can use Lemma 17 and assume that G is a partial Hamming graph. The
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isometric expansion over the cover W1 = {u, wi−1},W2 = {u, wi+2} and W3 = G is correct (since
k ≥ 5, wi−1 and wi+2 cannot be neighbours so that there is no edge betweenW1 \W2 andW2 \W1)
and results inW . By Theorem 5, W is a partial Hamming graph.
This concludes the proof of Theorem 14 
4. Conclusion
In this paper we extended the structural characterizations formerly obtained for the partial cubes
to the framework of partial Hamming graphs. Concerning subdivisions of cliques, the only graphs that
are partial Hamming graphs but not partial cubes are the unsubdivided cliques.
Further study towards structural characterization could be done in terms of forbidden isometric
subgraphs. In [17], the characterization is obtained with forbidden isometric subspace, which gives
less information on the real structure of the graph. Still, we have not found any such characterization
for the moment.
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